I. INTRODUCTION
The largest conventional betatron was completed about 1950. 1 The energy was approximately 300 MeV and the beam current about 100 mA. The maximum beam current was limited by space charge during injection. Electrons from a 100 keV electron gun were injected into an orbit of radius R'::::! 1 meter and a betatron magnetic field of BP':::::! 10 G. The space charge limit is proportional to B ~ and for the Kerst Betatron 1 the density was approximately 10 7 cm -3 • The space charge limit is also proportional to y, thus it is greatly increased after acceleration. In a conventional betatron it is the space charge limit at injection which determines the maximum current.
To eliminate the space charge problem the plasma betatron was proposed by Budker. 2 After many studies 3 were carried out, the maximum current reached approximately 10 A, much Jess than expected. The current is probably instability limited. The precise instability has not been identified, although the negative mass instability is mentioned frequently. 4 By increasing the injection energy and decreasing the orbit radius in a conventional betatron, the space charge limit can be increased (no::. f3 2 r3 IR 2 ). Small "ironless" betatrons have been developed with an electron energy of 100 MeV and electron currents of approximately 90 A .s Electrons were injected into a 3.9 cm orbit radius with energy of 500 keV. The space charge limit was increased by a factor of approximately 10'' compared to the Kerst Betatron. The total number of electrons was increased, however, only by a factor of approximately 40.
Controlling space charge of electrons by adding a toroidal magnetic field to the usual betatron field was first investigated theoretically 6 in 1973 and the first experiments were reported 7 in 1976. A similar proposal for ions was made in 1978. 8 The combined toroidal and vertical (betatron) fields increase substantially the space charge limit and the number of electrons that can be trapped and accelerated. Injecting and trapping into such combined fields require new techniques. Several methods were proposed lately. 9 • 10 The first method 9 has already been demonstrated in the studies of the collective focusing ion accelerator. 11 The method is called inductive charging and was first used in the HIP AC accelerator.
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Electrons are injected from thermionic injectors and trapped by means of a rising toroidal magnetic field. A betatron with this type of injection is illustrated in Fig. 1 . Electrons move in an orbit around the torus. They are not drifted in the toroidal field because of the self-field forces and the interaction with the surrounding metallic boundaries. There are no restrictions on B, as there are on BP in a conventional betatron. As the space charge limit depends on B ~ during injection, a substantial increase in the density can be achieved. With the existing injectors, the current after acceleration will be approximately 1 k.A. 11 Better injectors may increase this current further by one to two orders of magnitude.
The toroidal magnetic field solves the problem of increasing the space charge limit during injection. However, it creates new problems during acceleration. The purpose of this paper is to investigate the regions of instability of this high current betatron and to suggest an optimum mode of operation. We shall assume throughout this paper that in- ductive charging is used. The parameter set we shall use as a standard reference is given in Table I . We shall discuss only orbital instabilities. Collective instabilities, such as the negative mass instability, or resistive wall instabilities have not been treated in this paper, but it is known 13 that toroidal field decreases their importance.
II. SINGLE PARTICLE ORBITS

A. Equations of motion
In order to describe the particle orbit in a toroidal electron beam, consider the local coordinates (x, y) or (r,8) as illustrated in Fig. 2 . The toroidal direction is indicated by z.
If fly = eBy!ymc electrons will move on a radius
the electrons will move on a constant radius. Due to the beam self fields and the distribution of the initial conditions, electrons will also move in the transverse directions. This motion determines the maximum current that can be obtained and the quality of the beam. The equations of motion, up to first order in (x/ R ), where x is the deviation from the betatron equilibrium orbit, are:
m~ ji+ ~ y) = -e((E, -PB8)~ + ; (v,B" -vxBzl) .
Bz and BY are the applied toroidal and vertical fields, E, and B 8 are the self-fields. Interaction with the surrounding wall was neglected here and will be considered separately later. The ~quilib!i_um orbit is determined by the relation By (R ) For a cylindrically symmetric beam the self-fields are easily calculated:
-e (E, w; n(r) = --, and n(r) is the average density up to radius r. If the beam is uniform, n(r)/n = I and the self-force is harmonic.
The betatron field is expanded around the equilibrium orbit;
B"~BoYIR .
(3)
Thus we get the following equations of motion:
where fl, = eB,lymc, fly = eBofymc, fl 2 = w;12y2. The toroidal field was assumed constant in space and time. Higher-order corrections will be discussed later. 
B. Space charge limits
Orbits are stable if and only if:
(c) cv! + w; + fl; > 0.
Denoting s = 11/2)(1 + o) these conditions can be written as: ( _!!_)
The first is the "low-density" region in which conventional betatrons are operated (<t>!, w; > 0). The second is the "highdensity" region (w,!, w; < 0). In the high-current betatron we intend to start in the high-density region, but as r rises we eventually have to cross the unstable region (see Fig. 3 ).
Here, the beam will start to expand, but as it expands /1 2 will drop and a transition to the lower stable region will occur. 11 This corresponds to a current after acceleration of about l kA, and is larger by a factor of 10 4 compared to the Kerst Betatron. This is still two orders of magnitude less than the current that can be contained by a 10 kG toroidal field. We expect to increase the density of the trapped electron ring by using higher injec- 
where r" is the electron classical radius and rb is the beam radius. For our standard example (Table I ) this means r -=== l 3
and By~210 G .
Ill. RING ORBITS
Assume that the electron ring is shifted away from the axis of the torus. Electric and magnetic images at the wall will push the beam further onto the wall. Together with the toroidal magnetic field a slow rotation (F XB drift) around the toroidal ax.is will start. We shall investigate this transverse motion and find its stability regions. We shall consider only the z-independent mode, and expand the image forces to the lowest order in al R (where a and R are the minor and major radii, respectively).
To the lowest order in a/R, the image forces may be considered as created by an infinite cylinder of radius a. If the beam is off center by X along the x axis, the image will be a line with the same line density N located atx = a 2 /X. The electric field at X produced by the image charge is
and the force exerted on an electron at X will be:
and rb is the beam radius.
( l3)
The magnetic field depends on the image currents. If the wall is an ideal conductor the magnetic force is opposite to the electric force and reduces it by a factor of y2. We shall assume the other extreme case, i.e., immediate decay. This assumption is a good approximately for the high-current betatron now under construction at the University of California, Irvine. The equations of motion for the beam center are:
r ymc X and Y are measured relative to the toroidal axis.
For inductive acceleration on a constant radius R 0 , the betatron condition should hold, namely:
where il 0 (R 0 ) = v, I R 0 and B,, (R 0 ) is the average field inside a circle with radius R 0 . For a low-current betatron the image fields are negligible and fly = fl 0 • When the image fields are strong the equilibrium orbit should be determined by the relation
The influence of the image fields is maximum during the initial stage of acceleration. It is thus important to trap the beam close to the the toroidal axis.
lf X and Yarc measured relative to the equilibrium orbit R 0 , and if R 0 does not change in time (this is a good assumption for r> I), Eq. (14) can be written as:
Equations (17) are similar to Eq. {4). Fors= 1/2 the motion is stable if 2 n~ n ;
If this condition is satisfied the beam will precess around the equilibrium orbit. If it does not hold the radius of the beam center will increase until it wiJI hit the waJl Note that r appears in the denominator [compare to Eq. (10)]. This is due to the assumption of an immediate decay of the image currents. For our standard set of parameters Eq. ( 19) can be written as: (20) where N is the line density and the parameters of Table I were used. If N S l.8 X l0
12 cm -1 thebeamisstableforevery y. However, for N "?: : . l.8 X 10 12 cm-1 there is a region of instability. For N = 10 13 cm-1 this region starts already at r~40. To overcome it either B. should be raised or the currents in the wall should persist longer.
Equations ( 17) have for s# 1/2 a stability problem similar to that of Eq. (9). The unstable region now is around (21) where r c is the electron classical radius. For our standard parameters this will occur at r:::90. ln contrast to the single particle case, the self field depends here only on the line density, which does not change as the instability develops. It is thus necessary to cross this region quickly. An estimate of the growth rate can be given at the maximum; i.e., at fl! = ~n !·Here thee-folding time is w. which is much less than oneµsec unless Is -~l < l.
Increasing NR 2 will increase the r where the transition occurs. Thus the instability may be avoided (if NR 2 is large enough) or it may be used as a means to extract the beam.
In concluding this section a remark should be made concerning the infiuence of the beam motion on the single particle dynamics. In Eqs. (4) we neglected the image forces.
Moreover, we assumed that the beam center was located at the betatron equilibrium orbit. If the beam center is rotating around the equilibrium orbit inhomogeneous terms should be added to Eqs. (4). These terms may influence the single particle dynamics when the two motions are either in resonance or when the radial focusing force on a single particle vanishes. In both cases the beam radius will grow and the instabilities will be self-stabilized. A numerical analysis is now underway. The results will be published in a later paper.
IV. BEAM EMITTANCE
The quaJity of a beam is sometimes described by its emittance, defined as (22) where p is the beam radius and e is the angular divergence.
Emittance is determined mainly by the method of injection.
For inductive charging p 1 p = mv 10 a = const, where a~5 cm (the beam radius during injection), and v 10 /c<0.2 corresponding to a IO keV injector. When the toroidaJ field reaches its maximum of approximately IO kG the beam radius is of the order of I cm and the transverse kinetic energy is approximately 500 ke V.
11 During acceleration p 1 = const, but p decreases due to the B,, increase and the self-pinching effect. For simplicity assumes = ! and consider Eq. (4). If B, is changing in time, the induced field E 8 should be included.
Transforming then to the rotating Larmor frame we get:
This is correct for any change of n,; either changing r or B, . Equation (24), for the real and imaginary parts of z, can be solved using the WKB approximation. The general solution can be written as At a final energy of 300 'MeV, €/1r~Vio 1.2rof Yc~2x 10-3 rad cm. Instabilities may increase this number. As the emittance depends mainly on the injection method, a full understanding of this process will be necessary to further increase the beam quality.
The ring dynamics during acceleration is very similar to the single particle dynamics. Here, however, the electrostatic interaction with the walls does not reduce during acceleration and according to Eq. (25) the amplitude increases as:
For the standard parameters the change in r is negligible (even for r~600). If, however, the line density is increased by an order of magnitude, the beam will become unstable at r~200. This can be remedied by the increasing of the toroidal field or by the persisting image currents in the walls [compare to Eq. (19)].
V. FERMI DRIFT
A charged particle moving along a toroidal magnetic field drifts with a constant speed in a direction perpendicular to the toroidal plane. This drift is known as the Fermi (sometimes also VB) drift. It is due to the nonconstancy of the magnetic field {necessary for VXB = 0) as a function of the radius. This effect is of second order in (a/R ) and was neglected in the previous discussion. In the betatron we describe, which has both toroidal and vertical magnetic fields, the strong self-fields weaken the Fermi drift motion substantially.
Let us start with the simple case of an electron moving perpendicular to a toroidal field. the high-current betatron will be presented as a simple generalization. The equations of motion in the transverse directions are:
where "' flzR (
up to first order in (x/R ). Equations (31) are nonlinear. To use the perturbation technique let us first write them in the following way:
Writing x = x 111 +x 12 > + .. . , y = y<I) + yl 21 + ... , where
with the given initial conditions, and
(34)
with the initial conditions x 12 , = / 2 , = 0 and
Higher order terms will be neglected, consistent with Eq. 
The solution is immediate. It consists of a small shift in the direction (..::lx is of the order of x ~IR which is thus negligible] plus a small amplitude oscillation with a doubled cyclotron frequency (2flz ). In addition there is the drift term in they direction with a speed:
In conclusion, up to second order we found that the electron rotates around its guiding center which drifts in the -y direction with constant speed. Now let us return to the modified betatron case. For simplificity assume s = 1/2. The equations of motion up to second order are (leaving only the second order terms which lead to drift motion): where, from Eq. (5) w2 = !n; -n 2.
The first-order solution is given by a combination of the modes:
w*-=Hn. ±In~ +4"'211121.
(40)
The general form of the solution is:
where the constants A, B, C, and D should be determined by the four initial conditions.
It will be shown that the Fermi drift is important here only when (J)<nz,
The equations for the second order corrections are
The solutions to these equations, with initial conditions
.(s)[cosw+(t-s)-cosw-(t-s)Jds).
(44) y< 2 >= +
_ (f~x(s)[cos(J)-(t-s)-cosw+(t-s)]ds
w -w Jo
+ L~,.(s){sinw+(t-s)-sinw-(t-s)]ds).
The dominant terms in the limit w --0 are
Moreover, it is only the constant part of g...,(s) which has a signficant contribution. It can be shown by a straightforward calculation that
There is a similar expression for x < 2 >. Problems may arise when (J) --0. The dominant term in the sum is then flz(x ~ + y~). thus we get
This means that the particles move on a shifted circle (the shift depends on the sign of (j) -) with a radius Ll {the shift is also.Li);
This result can be obtained also by using the drift approximation. 14 If j..:1 I <rb, the Fermi drift can be neglected.
For r> l (but not too large) lcu 2 l~/1 2 = {J)~/2, thus the above criterion -is
where n is the electron density and re is the electron classical radius. For n = 10 11 cm- 
X + flz Y +w!X = -(flJ R )XY-((vi}l2R ), Y-nzx + w!Y = XX. (52)
The constant term on the right-hand side results in a small shifting of the beam in the -x direction (outside) unless wb ~o. If wb = 0 a drift in they direction with a speed -(v~ )/2Rfl, will start.
In comparing Eq. (52) to Eq. (39) it is evident that the beam and the single-particle drift instabilities occur at different r [compare Eqs. (21) and ( 11) 
2R wb
Thus, the criterion for the effect of the single particle Fermi drift on the beam motion to be negligible is In our standard example, this inequality is obviously satisfied. Thus as the beam internal focusing fo1ces vanish only a small emittance inc1ease is expected.
As r increases further, the beam will become unstable for <Ub ~o and will quickly drift to the wall (see Sec. III for other instabilities which occur at this region). The drift motion may be enhanced by the centrifugal drift (occurring when the electrons don't satisfy the exact betatron condition, i.e., when there is spread in the longitudinal velocities). We did not add this term because in our scheme of injection the spread in the transverse velocities dominates.
VI. RESONANCE INSTABILITIES
In the previous discussion we assumed that all the fields were ideal, i.e., they did not depend upon the coordinate z.
Errors in these fields give rise to new types of phenomena, known as orbital resonances or parametric instabilities. These instabilities might very easily destroy the beam quality, and it is our purpose here to give quantitative restrictions on the fields in order to assure good beam quality. We shall treat the equations of motion only in the linear approximation. Higher orders are important only when the beam quality is so poor that they are of no interest anyway. In the previous discussion, the fields were e. xpanded around the equilibrium radius R and the expansion param-eters were assumed constant. Now we let them be functions of z. If the electrons move with constant v,, these parameters are also periodic functions of time, with a period T ( T = 21TR Iv,). When Tis an integral (sometimes a half integral) multiple of the transverse oscillation time, a resonance occurs. We shall examine some of the interesting cases and find the restrictions they impose on the external fields. It is common to distinguish between two types of orbital resonances.
15 The first includes driven resonances, which distort the equilibrium orbit and are generally very dangerous. The other type does not affect the beam center. It affects, however, the transverse motion of electrons relative to the beam center, thus changing the emittance. For the high current betatron both cases are significant at most for r> I , thus self fields are negligible. Moreover, instabilities occur only in very narrow bands of y, thus the small terms proportional to rlr are negligible.
We shall start with the first type by perturbing the betatron field By. This necessarily perturbs the equilibrium radius R . Electrons will be deflected in thex direction. In certain conditions they will resonant with the bBy(z) field. We shall derive these conditions and determine their influence on the operation of the high current betatron. 8By(z) induces an additional component SB,{y){VXB = 0). This will, however, add only second-order terms to the equations of motion and thus will be neglected.
Assuming bB,,, = 0 and expanding the betatron field around the average equilibrium orbit:
and the equations of motion:
In discussing Eq. (56) Jet us start with the simpler equation:
where ai changes slowly in time. Here €(t ) is periodic in t with period T = 27rlfl 0 , and thus can be decomposed in a Fourier series:
..
n =l
Equations (56) wiU be treated as a simple generalization of Eq. (57).
If (J) is constant the solution to Eq. (57) with the given initial condition is:
Substituting Eq. (58) for E(s), the integral can be calculated explicitly. A special case is for w = nfJ 0 • The integral then is
(nonsecular terms). Thus the amplitude grows linearly with time.
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For large n, resonances are crossed so quickly that no growth (or at least a very small growth) in the amplitude is expected. When the time .dt" [necessary to go from w = (n + ~)no to m = (n -!)nol is comparable to T, a real growth in the amplitude might occur . .1t,. is given by: This is the reason that real growth occurs only very close to resonance, and each resonance can be taken separately. Thus, let us look only on the n resonance as it is crossed. If {l/<il)(o(J)/ ot )<l, the asymptotic expansion WKB can be employed. The resonance term is:
where <p {t) = f~(J)(t ')dt '. X rcs can be approximated by:
where N,. is the number of turns the electron does when it goes from t = 0 tot = .dt,.. We assumed that N,. >I. Fresnel's integral is asymptotically -/TT/8 (see Ref. 16 ). This value is reached fort of the order of one. Using it for estimating the integral (63) we get V ' 1:rr([N: / nfl ~) and substituting back in (62) we get the change in the amplitude as we cross the n resonance:
1r Ra,. r;;;;--
To be specific assume that the error is constant (.dB) in an arc L , then:
To minimize.dX,es , AB·L has to be smaller, n larger, and the time needed to cross the resonance smaller. Now let us return to the modified betatron case in detail. Proceeding in the same way as we did for Eq. (57), the change of the solution due to the inhomogeneous term in Eq. (56) is given by the integrals [see Eq. (44)]: n 2R l' To be specific, let us assume that AB is constant in an arc L , then:
Thus we get the total growth in the amplitude: 
y-n.x -~n.x + (!n ;Vi = o. 
and ux =Re u, Uy = lm u. The four initial conditions are: The two independent solutions to each of these equations can be written according to FJoquet's theorem as:
wheregµ(t + T ) = gµ(t ) and the constantµ is either real or pure imaginary. For (t) constant it is readily verified that µ = ± w 0 . However, when a smaJJ perturbation is added to w 0 , there will be regions of w 0 for whichµ will become pure imaginary and one of the two independent solutions will be unstable.
To show this explicitly Jet us take the following example, which can be solved analytically. Assume If Q ¥0 the right-hand side might be greater than one (in absolute value) in some intervaJs. For these intervaJs µ will be imaginary and the orbital amplitude will grow indefinitely in time.
In order to find the locations and widths of these intervals define If IG I< t the right-hand side can be ± 1 only when cos X:::::: ± 1 or x~n.,,., or
Expanding the right-hand side around Wo = a>b" 1 we get
( 8 1 The maximum of this expression is obuiined at 
{83)
and thee-folding time In at the maximum growth rate is
1rQ n In the high-current betatron (J)o changes in time, due to the change in r or B,. At the beginning Bz is held constant (~IO kG) and r rises. In our standard example ny~610 and, unless y is very high, n > I. For n ~ M the number of turns that an electron executes while it crosses the nth resonance is <10"' (Q /n 2 ). Thus until n is very low this number is much smaller than one and no real growth is expected. As n becomes of the order of one (n<M ) the number of turns the electron stays in the nth resonance is approximately 3 X l a4 (Q/nM).AssumingQ= 10-2 ,M = 10,andn = l , thisnumber is approximately 30. The amplitude growth will be less than 10%. Such growth in the emituince is reasonable [compare to Eq. (68)).
As we pointed out earlier, the missing of the half integer resonances in the last case was due to the high symmetry of the problem. In order to see the general nature of the motion as B, is perturbed assume that ao B,Jax = 0. Thus a6 By! ay = -aa BJaz, and the equations of motion become
Integrating the first equation and substituting in the second we get .x + n.y = x mi+ (11,y)(
where fiz is the average along the torus and A is a constant which depends upon the initial conditions. The second equation is a nonhomogeneous Hill's equation and it has integral and half-integral resonances. The symmetry in this case is obviously lower than in the previous case. Let us now consider the most general perturbations in the fields for a high-current betatron. These fields may be expanded around the average equilib~u_El radius R = Uz/11 0 . Using Maxwell's equations, V·B = 0 and VXB = 0, and keeping terms only up to first order in the equations of motion, we get:
+n 2 --x+a--x ::::git),
where we assumed s = 1/2, and:
az a(z) is defined by:
aoB" aoo,
ax az
We wrote the equations of motion so that all the perturbation appears on the right-hand side. However, these terms are not of the same order. The dominant terms are the first. These terms distort the equilibrium orbit and are the most All the instabilities we have just considered start growing linearly. Comparing the terms of the right-hand sides of Eqs. (87) it is obvious that the first terms are greater by approximately R /rb than the second. This makes the first ~enns . much more destructive. The remaining n, terms were mvestigated carefully and it was found that they are at least one order of magnitude less dangerous than the first terms.
VII. DISCUSSION
In this paper we investigated some aspects of the stability of a high-current betatron. Specifically, we discussed (1) space charge limits of both single particles and of the electron ring, (2) the Fermi drift, (3) resonance instabilities, and (4) beam emittance .
Two important questions have not been addressed, namely (i) stability during initial acceleration (injection and trapping and initiating acceleration will be discussed separately), (ii} collective modes, such as that of negative mass and resistive walls.
13 These modes have been discussed extensively by many authors, yet there is no conclusive evidence that they might cause destructive damage to the high current betatron.
Let us summarize the main results:
(1) The space charge limit during injection is increased compared to a conventional betatron by (B; !2B; ). 
